Model updating is a common method to improve the correlation between structural dynamics models and measured data. In conducting the updating, it is desirable to match only the measured spectral data without tampering with the other unmeasured and unknown eigeninformation in the original model (if so, the model is said to be updated with no spillover) and to maintain the positive definiteness of the coefficient matrices. In this paper, an efficient numerical method for updating mass and stiffness matrices simultaneously is presented. The method first updates the modal frequencies. Then, a method is presented to construct a transformation matrix and this matrix is used to correct the analytical eigenvectors so that the updated model is compatible with the measurement of the eigenvectors. The method can preserve both no spillover and the symmetric positive definiteness of the mass and stiffness matrices. The method is computationally efficient as neither iteration nor numerical optimization is required. The numerical example shows that the presented method is quite accurate and efficient.
Introduction
Using finite element techniques, the undamped free vibration of a structural dynamics system can be described by the second order differential equation as
where , ∈ R × are analytical mass and stiffness matrices, ( ) is the × 1 vector of positions, and ( ) is the × 1 vector of external force. In many practical applications, and are real-valued symmetric and positive definite, denoted by > 0 and > 0. Equation (1) is usually known as the finite element analytical model. By considering the homogeneous part of (1) and assuming that the displacement response of (1) is harmonic,
then the structural eigenproblem can be written in the form:
where = 2 is the th eigenvalue and is the th eigenvector. It is well known that the eigenvalue and eigenvector can be interpreted physically as the square of the natural frequency of vibration and the mode shape, respectively. Let
where Λ 1 = diag{ 1 , . . . , }, Λ 2 = diag{ +1 , . . . , }, 1 = [ 1 , . . . , ], and 2 = [ +1 , . . . , ]. Then it is easy to see that the columns of the matrix
summarise separate eigenvalue-eigenvector relations of type (3) . The most important property of the undamped vibration modes is their orthogonality with respect to mass; that is,
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Substituting (6) into (5), we can obtain another orthogonality relation
Accurate finite element models are needed for a large number of applications such as validating innovative structural designs, evaluating the effects of earthquakes or strong winds on in-service structures, and the implementation of structural control and structural health monitoring strategies. But there are some inaccuracies or uncertainties that may be associated with a finite element model. The discretization error, arising due to the approximation of a continuous structure by a finite number of individual elements, is inherent to the finite element technique, while other inaccuracies may be due to the assumptions and simplifications made by the analyst with regard to the choice of elements, modelling of boundary conditions, joints, and so forth. Therefore, once a finite element model of a structural system is constructed, its accuracy must be tested by comparing its analytical modes of vibration (or natural frequencies and mode shapes) with those obtained from the structural system during a modal survey. If the agreement between the two is good, then more credence is given to the analytical model, and it can be used with confidence for future analysis. If the correlation between the two is poor, then, assuming that the experimental measurements are correct, the analytical model must be adjusted so that the agreement between predictions and test results is improved. The updated model may then be considered to be a better dynamical representation of the structure than the initial analytical model. The updated model can subsequently be used with reasonable accuracy to assess the stability and control characteristics and to predict the dynamical responses of the structure. The above process of correcting the system matrices is known as model updating.
In general, the measurements will be incomplete in the sense that the measurement frequency range (determined by the sampling rate) will be much shorter than that of the analytical model which might typically contain several thousands of degrees of freedom. The measurements will also be spatially incomplete. This arises because the number of measurement stations is generally very much smaller than the number of degrees of freedom in the finite element model. For example, rotational degrees of freedom are usually not measured and some degrees of freedom will be inaccessible. Thus, a few eigenvalues and the corresponding eigenvectors measured only at some of the degrees of freedom can be used to adjust the analytical model parameters.
On the other hand, in conducting the updating, it is often desirable to match only the part of observed data without tampering with the other part of unmeasured or unknown eigenstructure inherent in the original model. Such an updating is said to be of no spillover. In this case assume that the matrices of part spectral information Λ 1 ∈ R × , 1 ∈ R × are known for the first eigenvalues and associated eigenvectors of the original system. The remainder of the spectral properties Λ 2 ∈ R ( − )×( − ) , 2 ∈ R ×( − ) are unknown and should not be changed. No spillover is required either because these high modal data ( 2 , Λ 2 ) are proven to be acceptable in the original model and engineers do not wish to introduce new vibrations via updating or because engineers simply do not know any information about these modal data.
In the past 40 years a large number of model updating methods have been developed and discussed in the literature surveys carried out by Mottershead and Friswell [1, 2] . In the early 1980s, Lagrange multiplier methods were introduced by Baruch and Bar-Itzhack [3] and Berman and Nagy [4] . These methods usually assumed that the test mode shapes or/and the mass matrix are correct. Then an objective function, with constraints imposed through Lagrange multipliers, is minimised in order to derive updated system matrices. The matrix mixing methods were developed by Caesar [5] and Link et al. [6] . This approach sought to combine experimental modal data with analytical ones to construct the inverses of the mass and stiffness matrices. The control-based eigenstructure assignment techniques were proposed by Zimmerman and Widengren [7] and Inman and Minas [8] . These early methods have the merits of improving the analytical structural dynamic models and are computationally efficient. However, these methods do not preserve the updated mass and stiffness matrices are symmetric positive definite and cannot guarantee that the updated model is of no spillover. Recently, assuming that the mass matrix is exact, Carvalho et al. [9] proposed a direct method for undamped model updating with no spillover. Chu et al. [10] [11] [12] considered damped model updating with no spillover. The purpose of the work presented in this paper is to develop a new direct method which can preserve both no spillover and the positive definiteness of the updated mass and stiffness matrices. Compared with the method proposed by Mao and Dai [13] , we observe that the approach provided by this paper is more simple and easy to perform. The problem of updating mass and stiffness matrices simultaneously can be mathematically formulated as follows.
Problem P. Assume that only the part 11 of the experimental eigenvector matrix 1 = [ 11 12 ] ∈ R × is measured and 12 is unknown, where 11 ∈ R × and rank( 11 ) = . Let Γ 1 = diag{ 1 , . . . , } ∈ R × > 0 be the measured eigenvalue matrix. Find real-valued symmetric positive definite matrices and such that
The paper is organized as follows. In Section 2, a method is provided to handle the problem of incomplete experimental mode shapes and the incomplete part (i.e., 12 ) of the experimental modes which cannot be measured is supplied by means of an effective numerical procedure. In Section 3, an efficient numerical method for solving Problem P is presented. The method first updates the modal frequencies. Then, a method is presented to construct a transformation matrix . This matrix is used to correct the analytical eigenvectors so that the updated model is compatible with the measurement of the eigenvectors. In Section 4, a numerical algorithm to acquire the solution of Problem P is described and a numerical example is provided. Some concluding remarks are given in Section 5.
Expansion of the Measured Mode Shapes
Lemma 1 (see [11, 14] ). The equation of (8) has a symmetric solution pair ( , ) if and only if there exists an invertible matrix ∈ R × such that
Now, if one lets
where 11 ∈ R × , then from (9) one has 11 = 11 , 12 = 12 .
As the approach in [14] , let the QR factorization of 11 be
where is an × orthogonal matrix and ∈ R × is an upper triangular matrix. The condition rank( 11 ) = implies that is nonsingular. Substituting (12) into the first equation of (11), we have
Hence, if the relation of (13) 
Thus, the eigenvector matrix with full degrees of freedom can be computed:
The Solution of Problem P
Applying (6) and (7), we have
Define the matrix̃as
From (17) and (18), we obtaiñ
Using (5), (6) , and (19), we havẽ
which implies that the model ( ,̃) possesses the eigenvalues 1 , . . . , , +1 , . . . , . It follows from Γ 1 = diag{ 1 , . . . , } > 0 that the matrix̃, defined by (19), is symmetric positive definite. If we can find a nonsingular transformation matrix such that
then define matrices , as
It can be easily seen that and are symmetric positive definite matrices. From (21), (22), we can obtain
which implies that and , defined by (22), are a solution of Problem P. From (21), (22), we also have
that is, the orthogonality with respect to mass is also satisfied.
The following theorem will provide a sufficient and necessary condition for the existence of the nonsingular transformation matrix . 
Theorem 2. There exists a nonsingular transformation matrix such that the relation (21) holds if and only if
Then the relation of (25) is equivalent to
By (21), we can easily see that is nonsingular if and only if [ 1 , 2 ] is nonsingular. It follows from (27) that
Therefore, [ 1 , 2 ] is nonsingular if and only if 1 is nonsingular. We observe that
So, is nonsingular if and only if ⊤ 1 1 is nonsingular. This proves Theorem 2. Now, we are ready to solve . By (21) and (17), we have
then it follows that
Combining Theorem 2 with the relation (16), we have the following corollary.
Corollary 3. Problem P is solvable if and only if condition (13) is satisfied. In this case, the solution of Problem P is given by (22), where is given by (31).
In practice, the matrices 2 and Λ 2 are usually unknown. Now, we construct the solution of Problem P without using 2 and Λ 2 explicitly. We should also point out that the method proposed in this paper is similar to that in [15] . That is, the framework is the same and both include three main steps: expansion of eigenvectors, updating of eigenvalues, and updating of eigenvectors. The differences between [15] and the current paper are eigenvector expansion techniques and the method of computing transformation matrix in (21).
A Numerical Example
Based on Corollary 3 we can describe an algorithm for solving Problem P as follows.
Algorithm 4.
(1) Input , , Λ 1 , 1 , Γ 1 , 11 .
(2) Partition 1 as 1 = [ 11 12 ], and let the QR factorization of 11 be given by (12) . Example 1. Consider a 10-DOF cantilever beam modelled analytically with mass and stiffness matrices given by 
It is easy to check that ⊤ 2 11 = 2.4808 − 016. By (16), we can get 
Using Algorithm 4, we obtain the solution of Problem P as follows: 
It is easy to check that > 0, > 0, 
Therefore, the prescribed eigenvalues (the diagonal elements of the matrix Γ 1 ) and eigenvectors (the column vectors of the matrix 1 ) are embedded in the new model 1 Γ 1 = 1 , and the mass normalized orthogonality constraints are also satisfied. Furthermore, we observe that the remaining spectral data of the updated system are just about those of the original system with absolute error:
which implies that the model is updated with no spillover.
Concluding Remarks
An efficient model updating method is presented with incomplete modal measurement. The mode shapes are not required to be measured at all degrees of freedom. This new algorithm can incorporate the measured experimental modal data into the analytical model such that the adjusted model more closely matches the experimental results. The updating is no spillover and the updated mass and stiffness matrices are symmetric positive definite. The proposed method is computationally efficient since it does not require computation of the complete set of eigenvalues and eigenvectors of the analytical model. The approach is demonstrated by a 10-DOF cantilever beam numerical example and reasonable results are produced.
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